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Abstract
We study the geometry of Engel structures, which are 2-plane fields on 4-manifolds
satisfying a generic condition, that are compatible with other geometric structures.
A Lagrangian Engel structure is an Engel 2-plane field on a symplectic 4-manifold
for which the 2-planes are Lagrangian with respect to the symplectic structure. We
solve the equivalence problems for Lagrangian Engel structures and use the resulting
structure equations to classify homogeneous Lagrangian Engel structures. This allows
us to determine all compact, homogeneous examples. Compact manifolds that support
homogeneous Lagrangian Engel structures are diffeomorphic to quotients of one of
a determined list of nilpotent or solvable 4-dimensional Lie groups by co-compact
lattices.
Key words and phrases: Lagrangian Engel structure, structure equation, homoge-
neous manifold, solvmanifold.
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1 Introduction
A distribution is a subbundle D Ă TM of the tangent bundle of a manifold M . We will consider
certain distributions with special properties, for example, distributions with some integrability con-
ditions. We will study Engel structures, which are certain non-integrable distributions defined on
4-manifolds. We will see that, locally, all Engel structures are isomorphic but the global theory
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of Engel structures is not trivial. A 4-manifold can carry many nonisomorphic Engel structures
[13]. There are relations between contact structures on 3-dimensional manfiolds and Engel struc-
tures. For example, V. Gershkovich [13] proved that each Engel manifold carries a canonical one-
dimensional foliation and an Engel structure defines a contact distribution on any three-dimensional
submanifold transversal to the canonical foliation.
We will solve the equivalence problem for Lagrangian Engel structures and present the classification
of compact quotients of homogeneous Lagrangian Engel structures. Engel structures (to be defined
below) can be characterized in terms of the derived system construction.
Proposition 1.1. [2] Given a Pfaffian system I, there exists a bundle map δ : I Ñ Λ2pT ˚M{Iq
that satisfies δω ” dω mod pIq for all ω P ΓpIq.
Definition 1.1. By Proposition 1.1, we have a bundle map δ. Set Ip1q “ ker δ and call Ip1q the
first derived system. Continuing with this construction, we can get a filtration
Ipkq Ă ¨ ¨ ¨ Ă Ip2q Ă Ip1q Ă Ip0q “ I,
defined inductively by
Ipk`1q “ pIpkqqp1q .
Ipkq is called the kth derived system.
Now we present the definition and characterization of Engel structures.
Definition 1.2 (Engel Structure). Given a 4-manifold M and a Pfaffian system I Ă T ˚M , an
Engel structure is a sub-bundle D “ IK of the tangent bundle of M that satisfies: p1q I is of rank
2, 2 Ip1q is of rank 1 and 3 Ip2q “ 0. A manifold endowed with an Engel structure D “ IK is called
an Engel manifold.
Definition 1.3. Given an ideal I generated by a Pffafian system I, a vector field ξ is called
a Cauchy characteristic vector field of I if ξ ⌟ I Ă I. At a point x P M , the set of Cauchy
characteristic vector fields is
ApIqx “ tξx P TxM |ξx ⌟ Ix Ă Ixu Ă IK
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and the retracting space or Cartan system is defined to be
CpIqx “ ApIqKx Ă T ˚xM .
By the definition of Engel structure IK, there is a canonical flag of sub-bundles
0 Ă Ip1q Ă I Ă CpIp1qq Ă T ˚M .
V. Gershkovich [13] proved the following theorem which can also be found in [6].
Theorem 1.2. If an orientable 4-manifold admits an orientable Engel structure, then it has trivial
tangent bundle.
T. Vogel [1] proved the converse of the above theorem:
Theorem 1.3. Every parallelizable 4-manifold admits an orientable Engel structure.
Thus for an orientable 4-manifold, parallelizability is equivalent to the existence of an orientable
Engel structure. This is a global characterization of manifolds that support orientable Engel struc-
tures. Locally, we have the following Engel normal form [2], which implies that there is no local
invariant for Engel structures, i.e., all Engel structures are locally equivalent.
Theorem 1.4 (Engel normal form). Let I be a Pfaffian system on M4 such that IK Ă TM is an
Engel structure. Then every point of M has an open neighborhood U on which there exists local
coordinates px, y0, y1, y2q : U Ñ R4 such that
I|U “ tdy0 ´ y1dx, dy1 ´ y2dxu .
In this paper, we will consider Lagrangian Engel structures.
Definition 1.4. A Lagrangian Engel structure pM,Ω, Dq is a 4-manifold M endowed with a sym-
plectic form Ω and an Engel 2-plane field D that is Lagrangian for Ω. If we let I “ DK Ă T ˚M
denote the annihilator, then Ω P xIy.
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2 Geometry of Lagrangian Engel Structures
A coframing ω “ pω1, ω2, ω3, ω4q such that the symplectic structure can be written as
Ω “ ω1 ^ ω3 ` ω2 ^ ω4
while I “ xω1, ω2y and Ip1q “ xω1y will be said to be 0-adapted to pM,Ω, Dq.
Proposition 2.1. The 0-adapted coframings are the sections of a G-structure on M where G Ă
GLp4,Rq is the 6-dimensional subgroup
G “
#«
B11 0
pBT
11
q´1S pBT
11
q´1
ffˇˇˇ
ˇˇB11 “
«
b11 0
b21 b22
ff
and S P R2ˆ2, S “ ST
+
(1)
Proof. Assume pω˜1, ω˜2, ω˜3, ω˜4q is a new coframing and the Engel structure in the new coframing is
I “ xω˜1, ω˜2y and Ip1q “ xω˜1y. According to the definition of a coframing on a manifold, there exists
a matrix
B “
«
B11 B12
B21 B22
ff
such that »
————–
ω˜1
ω˜2
ω˜3
ω˜4
fi
ffiffiffiffifl “ B
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl ,
where B11, B12, B21, B22 are 2ˆ 2 matrices. Since I “ xω˜1, ω˜2y “ xω1, ω2y , the block B12 “ 0.
Let
J “
«
0 I2
´I2 0
ff
,
where I2 is the identity matrix of dimension 2. To keep the symplectic structure invariant under
the transformation, the matrices Bij satisfy
«
B11 0
B21 B22
ffT
J
«
B11 0
B21 B22
ff
“ J.
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Thus
BT
11
B21 “ BT21B11 ,
BT11B22 “ I2 . (2)
Define S “ BT
11
B21. Then from (2), S “ ST . The element of the structure group can be written as
B “
«
B11 0
pBT
11
q´1S pBT
11
q´1
ff
.
Since Ip1q “ xω1y “ xω˜1y, B11 must be of the form
«
b11 0
b21 b22
ff
, where b11, b21, b22 can be any
functions.
Therefore, the structure group is of the form (1).
A Lagrangian Engel structure defines a G-structure, where G is defined by (1). We will prove that
after reduction of the structure group, the manifold with a Lagrangian Engel structure belongs to
at least one of the following categories:
1. the manifold is not compact
2. there exists a canonical coframing for the Lagrangian Engel structure on the manifold
Suppose I “ xω1, ω2y, Ip1q “ xω1y and IK is an Engel structure, then
dω1 ı 0 mod ω1 ,
dω1 ” 0 mod ω1, ω2 ,
dω2 ı 0 mod ω1, ω2 . (3)
By (3), there exists a function A ‰ 0 such that
dω2 ” Aω3 ^ ω4 mod ω1, ω2
We can arrange A “ 1 by dividing ω2 by A. Such coframings will be said to be 1-adapted. They
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are the sections of a G1-structure, where G1 Ă G is defined by
b11b
2
22
“ 1 . (4)
Now B11 is of the form
«
b´2
22
0
b21 b22
ff
and B´1
11
“
«
b2
22
0
´b22b21 b´122
ff
. After this arrangement,
dω2 ” ω3 ^ ω4 mod ω1, ω2 . (5)
By (3), there exist functions p3 and p4 such that
dω1 ” pp3ω3 ` p4ω4q ^ ω2 mod ω1 (6)
and at least one of p3 and p4 is nonzero. Since we will mainly focus on the classification of
homogeneous Lagrangian Engel structures, we will study the cases where either p3 ” 0 or p3 never
vanishes.
Recall that the symplectic structure is Ω “ ω1 ^ ω3 ` ω2 ^ ω4. By (6),
ω1 ^ dω1 ^ ω4 “ p3
2
Ω^ Ω . (7)
If the coframing is changed under the structure group G1, the function p3 is changed to b
´5
22
p3. Thus
p3 is well-defined up to scaling by b
´5
22
. By (6), the Cartan system is Cpxω1yq “ xω1, ω2, pp3ω3 `
p4ω4qy and the symplectic complement of xω1y is xω1yK “ xω1, ω2, ω4y. Generally, Cpxω1yq ‰ xω1yK.
If Cpxω1yq ‰ xω1yK, this type of Lagrangian Engel structures is said to be generic. If Cpxω1yq “
xω1yK, this type of Lagrangian Engel structures is said to be non-generic.
2.1 Geometry of Lagrangian Engel Structures in Generic Case
In the generic case, we have the following theorem:
Theorem 2.2 (Lagrangian Engel Structures in Generic Case). Given a symplectic manifold pM,Ω, Iq
with a symplectic structure Ω and an Engel structure D “ IK. On the domain where p3 ‰ 0 in
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equation (7), there exists a unique 0-adapted coframing ω “ pω1, ω2, ω3, ω4q satisfying
dω1 “ ω3 ^ ω2 ` paω3 ` bω4q ^ ω1 ,
dω2 “ pcω2 ` eω3 ` fω4q ^ ω1 ` ω3 ^ ω4 ,
where a, b, c, e, f are functions on M .
Proof. Under the transformation of the structure group, the structure equation is transformed to
dω1 ”
`
p3b
5
22
ω3 ` b222p´p3b222b21 ` p4qω4
˘^ ω2 mod ω1 . (8)
By scaling ω1 via b
5
22, we can arrange p3 “ 1. This fixes b22 “ 1. By adding a multiple of ω4 to ω3,
we can arrange p4 “ 0. This fixes b21 “ 0. The structure equation is
dω1 ” ω3 ^ ω2 mod ω1 . (9)
The element of the structure group reduces to the following form
»
————–
1 0 0 0
0 1 0 0
S11 S12 1 0
S12 S22 0 1
fi
ffiffiffiffifl .
Recall that dω2 ” ω3 ^ ω4 mod ω1, ω2. Thus there exist functions v3 and v4 such that
dω2 ” pv3ω3 ` v4ω4q ^ ω2 ` ω3 ^ ω4 mod ω1. (10)
By adding a multiple of ω2 to ω3, we can arrange v4 “ 0. This fixes S12 “ 0. By adding a multiple
of ω2 to ω4, we can arrange v3 “ 0. This fixes S22 “ 0. Thus
dω2 ” ω3 ^ ω4 mod ω1. (11)
From equation (9), there exist functions u2, u3, u4 such that
dω1 “ ω3 ^ ω2 ` pu2ω2 ` u3ω3 ` u4ω4q ^ ω1 . (12)
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By adding a multiple of ω1 to ω3, we can arrange u2 “ 0. This yields S11 “ 0. Now the structure
group of the coframing contains only the identity element. We get an e-structure. The structure
equation is
dω1 “ ω3 ^ ω2 ` pu3ω3 ` u4ω4q ^ ω1 ,
dω2 ” ω3 ^ ω4 mod ω1 .
(13)
By a Theorem of Kobayashi [16],
Corollary 2.3. In generic case, the symmetry group of a Lagrangian Engel structure acts freely
on the underlying connected manifold.
2.2 Geometry of Lagrangian Engel Structures in Non-Generic Case
Now we will study the geometry of Lagrangian Engel structures in non-generic case. Since p3 ” 0
and at least one of p3 and p4 is nonzero, then p4 never vanishes. We can arrange p4 “ ˘1 via
dividing ω1 by |p4|. Then the entry b22 is fixed to be ˘1. From the expression of the symplectic
structure, there is a transformation
ω2 Ñ ´ω2, ω4 Ñ ´ω4 .
that fixes the symplectic structure and Engel structure. We can fix b22 “ 1 by this transformation.
Now
dω1 ” ˘ω4 ^ ω2 mod ω1 . (14)
ω1 is uniquely defined by equation (14).
By (14), there exist functions A2, A3 and A4 such that
dω1 “ ˘ω4 ^ ω2 ` pA2ω2 `A3ω3 `A4ω4q ^ ω1 . (15)
Under a change of adapted coframing, a new coframing ω˜ satisfies
dω˜1 “ ˘ω˜4 ^ ω˜2 `A3ω˜3 ^ ω˜1 ` p˘b21 ´ b21A3 `A4qω˜4 ^ ω˜1
` p¯S12 ˘ b21S22 `A2 `A3pS12 ´ b21S22q `A4S22q ω˜2 ^ ω˜1 .
(16)
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By comparing (15) and (16), A3 is an invariant of Lagrangian Engel structures in the case p3 ” 0.
And note that by (15),
dω1 ^ ω2 ^ ω4 “ ´A32 Ω^ Ω . (17)
If A3 ” ˘1, (16) is equivalent to
dω˜1 “ ˘ω˜4 ^ ω˜2 ˘ ω˜3 ^ ω˜1 `A4ω˜4 ^ ω˜1 ` pA2 `A4S22q ω˜2 ^ ω˜1 . (18)
Thus by comparing (15) and (18), A4 is an invariant of Lagrangian Engel structures.
Based on the invariants A3 and A4 in (15), we will prove the following theorem:
Theorem 2.4 (Lagrangian Engel Structures in Non-Generic Case).
1. On the domain where pA3 ” 0q or pA3 ‰ ˘1 and A3 ‰ 0q in (17), we get an e-structure that
whose defining conditions are
dω1 “ ˘ω4 ^ ω2 `A3ω3 ^ ω1 ,
dω2 “ paω1 ` bω4q ^ ω2 ` cω3 ^ ω1 ` ω3 ^ ω4 ,
where a, b, c are functions on M .
2. On the domain where A3 ” ˘1 in equation (17), there are two cases depending on whether
A4 is 0:
(a) On the domain where A4 ” 0, the structure equation is
dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 `A2 ω2 ^ ω1 ,
dω2 ” ω3 ^ ω4 mod ω1 .
(19)
(b) On the domain where A4 ‰ 0, the structure equation is
dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 `A4 ω4 ^ ω1 ,
dω2 ” q3ω3 ^ ω2 ` ω3 ^ ω4 . mod ω1
(20)
Proof. We consider the following 3 sub-cases:
1. A3 ” 0
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2. A3 ” ˘1
3. A3 ‰ 0 and A3 ‰ ˘1
2.2.1 case A3 ” 0
If A3 ” 0, (16) is equivalent to
dω˜1 “ ˘ω˜4 ^ ω˜2 ` p˘b21 `A4qω˜4 ^ ω˜1 ` p¯S12 ˘ b21S22 `A2 `A4S22q ω˜2 ^ ω˜1 . (21)
From the second term of (21), by adding a multiple of ω1 into ω2, we can arrange A4 “ 0. This
yields b21 “ 0. Now
B11 “
«
1 0
0 1
ff
“ I2 .
Equation (21) is equivalent to
dω˜1 “ ˘ω˜4 ^ ω˜2 ` p¯S12 `A2q ω˜2 ^ ω˜1 . (22)
From the second term of the right side of the above equation, by adding a multiple of ω1 into ω4,
we can arrange A2 “ 0. This yields S12 “ 0. Thus
dω1 “ ˘ω4 ^ ω2 . (23)
And
B “
»
————–
1 0 0 0
0 1 0 0
S11 0 1 0
0 S22 0 1
fi
ffiffiffiffifl .
By (5), there exist functions q3 and q4 such that
dω2 ” pq3ω3 ` q4ω4q ^ ω1 ` ω3 ^ ω4 mod ω2 .
By adding a multiple of ω1 into ω3, we can arrange q4 “ 0. This yields S11 “ 0. Thus
dω2 ” q3ω3 ^ ω1 ` ω3 ^ ω4 mod ω2 . (24)
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There exist functions r1, r3 and r4 such that
dω2 “ pr1ω1 ` r3ω3 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4 . (25)
By adding a multiple of ω2 into ω4, we can arrange r3 “ 0. This yields S22 “ 0.
Now the structure group contains only the identity element, i.e., we have found an e-structure. In
this case, the structure equation is
dω1 “ ˘ω4 ^ ω2 ,
dω2 “ pr1ω1 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4 .
(26)
2.2.2 case A3 ” ˘1
(16) is equivalent to
dω˜1 “ ˘ω˜4 ^ ω˜2 ˘ ω˜3 ^ ω˜1 `A4ω˜4 ^ ω˜1 ` pA2 `A4S22q ω˜2 ^ ω˜1, (27)
where A4 is an invariant of Lagrangian Engel structures in the case A3 ” ˘1.
We will consider the following 2 sub-cases:
1. A4 ” 0
2. A4 ‰ 0
case : A4 ” 0
dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 `A2ω2 ^ ω1 . (28)
Now A2 is an invariant of Lagrangian Engel structures in this case. And
B “
»
————–
1 0 0 0
b21 1 0 0
S11 ´ b21S12 S12 ´ b21S22 1 ´b21
S12 S22 0 1
fi
ffiffiffiffifl
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By (5), there exist functions q3 and q4 such that
dω2 ” pq3ω3 ` q4ω4q ^ ω2 ` ω3 ^ ω4 mod ω1 .
By adding a multiple of ω2 to ω4, we can arrange q3 “ 0. This yields S22 “ 0. By adding a multiple
of ω2 to ω3, we can arrange q4 “ 0. This yields S12 ˘ b21 “ 0. And
dω2 ” ω3 ^ ω4 mod ω1 . (29)
There exist functions r2, r3 and r4 such that
dω2 “ pr2ω2 ` r3ω3 ` r4ω4q ^ ω1 ` ω3 ^ ω4 .
The elements of the structure group are of the form
B “
»
————–
1 0 0 0
b21 1 0 0
S11 ˘ b221 ¯b21 1 ´b21
¯b21 0 0 1
fi
ffiffiffiffifl .
In this case, the structure group does not reduce to the trivial group. The structure group can be
further reduced by considering the derivative of ω3 and ω4.
Now ω1 is uniquely defined by (28) and ω2 is uniquely defined up to an addition of a multiple of
ω1 by (29). Thus ω1 ^ ω2 is uniquely defined by (28) and (29). Therefore,
ω1 ^ ω2 ^ dω2 “ ω1 ^ ω2 ^ ω3 ^ ω4 (30)
is uniquely defined.
case : A4 ‰ 0
By (27), after adding a multiple of ω2 into ω4, we can arrange A2 “ 0. This yields S22 “ 0. And
dω1 “ ˘ω4 ^ ω2 ˘ ω3 ^ ω1 `A4ω4 ^ ω1 . (31)
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By (5), there exist functions q3 and q4 such that
dω2 ” pq3ω3 ` q4ω4q ^ ω2 ` ω3 ^ ω4 mod ω1 .
From this structure equation, q3 is an invariant. By adding a multiple of ω2 and ω4 to ω3, we can
arrange q4 “ 0. This yields S12 ` b21q3 ˘ b21 “ 0.
dω2 ” q3ω3 ^ ω2 ` ω3 ^ ω4 mod ω1 . (32)
Now ω1 is uniquely defined by (31) and ω2 is uniquely defined up to an addition of a multiple of
ω1 by (32). Thus ω1 ^ ω2 is uniquely defined by (31) and (32). Therefore,
ω1 ^ ω2 ^ dω2 “ ω1 ^ ω2 ^ ω3 ^ ω4 (33)
is uniquely defined.
2.2.3 case A3 ‰ ˘1 and A3 ‰ 0
By (16), after adding a multiple of ω4 to ω3, we can arrange A4 “ 0. This yields b21 “ 0. Then
dω1 “ ˘ω4 ^ ω2 `A3ω3 ^ ω1 ` p¯S12 `A2 `A3S12qω2 ^ ω1. (34)
By adding a multiple of ω2 to ω3, we can arrange A2 “ 0. This yields S12 “ 0. Then
dω1 “ ˘ω4 ^ ω2 `A3ω3 ^ ω1. (35)
By (5), there exist functions q3 and q4 such that
dω2 ” pq3ω3 ` q4ω4q ^ ω1 ` ω3 ^ ω4 mod ω2.
By adding a multiple of ω1 to ω3, we can arrange q4 “ 0. This yields S11 “ 0. Thus
dω2 ” q3ω3 ^ ω1 ` ω3 ^ ω4 mod ω2. (36)
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There exist functions r1, r3 and r4 such that
dω2 “ pr1ω1 ` r3ω3 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4. (37)
By adding a multiple of ω2 to ω4, we can arrange r3 “ 0. This yields S22 “ 0.
Now the structure group contains only the identity element, i.e., we have found an e-structure. In
this case, the structure equation is
dω1 “ ˘ω4 ^ ω2 `A3ω3 ^ ω1 ,
dω2 “ pr1ω1 ` r4ω4q ^ ω2 ` q3ω3 ^ ω1 ` ω3 ^ ω4 .
(38)
3 Classification of Homogeneous Lagrangian Engel Struc-
tures
In this section, we derive the structure equation of homogeneous Lagrangian Engel structures via
equivalence method [3].
Theorem 3.1 (Classification of Homogeneous Lagrangian Engel Structures). There are at most
6 distinct families of homogeneous Lagrangian Engel structures that can have compact quotient
manifolds. These 6 families are listed as follows:
1. Case 1:
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` aω1 ^ ω3
ω3 ^ ω4
0
bω2 ^ ω3
fi
ffiffiffiffifl
2. Case 2:
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` aω1 ^ ω3 ` bω1 ^ ω4
bω1 ^ ω3 ` ω3 ^ ω4 ` bω2 ^ ω4
0
0
fi
ffiffiffiffifl
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3. Case 3:
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` aω1 ^ ω3 ´ 14a2ω1 ^ ω4
´ 1
4
a2ω1 ^ ω3 ` ω3 ^ ω4 ´ 14a2ω2 ^ ω4
1
2
a2bpω1 ^ ω3 ´ ω2 ^ ω4q ` abω2 ^ ω3 ´ 14a3bω1 ^ ω4
abpω1 ^ ω3 ´ ω2 ^ ω4q ` 2bω2 ^ ω3 ´ 12a2bω1 ^ ω4
fi
ffiffiffiffifl
4. Case 4:
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` bω1 ^ ω3 ` aω1 ^ ω4
pa2 ` ab2
4
qω1 ^ ω2 ` aω1 ^ ω3 ` ω3 ^ ω4 ` aω2ω4
p2a3 ` 1
2
a2b2qω12 ` ab22 ω13 ` bω23 ` a2bω14 ` 2a2ω24
abp´a´ 1
4
qω12 ` abω13 ` pa´ 14 qω23 ` pa2 ´ ab
2
4
qω14 ´ abω24
fi
ffiffiffiffifl
5. Case 5:
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω1 ^ ω3 ` ω2 ^ ω4
aω1 ^ ω2 ` ω3 ^ ω4
apω1 ^ ω3 ` ω2 ^ ω4q
´aω1 ^ ω2 ´ ω3 ^ ω4
fi
ffiffiffiffifl
6. Case 6:
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω1 ^ ω3 ` ω2 ^ ω4
ω3 ^ ω4
0
aω2 ^ ω3 ´ ω3 ^ ω4
fi
ffiffiffiffifl
where a and b are constants.
Proof. Since the structure group of Lagrangian Engel structures is of the form (1), there exists Lie
algebra-valued differential form
π “
»
————–
π1 0 0 0
π2 π3 0 0
π4 π5 ´π1 ´π2
π5 π6 0 ´π3
fi
ffiffiffiffifl “ pπijq
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such that the structure equation can be written as
dωi “
ÿ
πij ^ ωj ` 1
2
ÿ
γijkωj ^ ωk , (39)
where γijk are torsion terms. By (3), there exist functions a0, a3, a4 such that
d
«
ω1
ω2
ff
“ ´
«
π1 0 0 0
π2 π3 0 0
ff»————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl`
«
ω2 ^ pa3ω3 ` a4ω4q
a0ω3 ^ ω4
ff
and at least one of a3 and a4 is nonzero and a0 ‰ 0.
By modifying the Lie algebra valued 1-forms π4, π5, π6 and absorption of torsions, there exist
functions S1 and S2 and 1-form τ such that
d
«
ω3
ω4
ff
“ ´
«
π4 π5 ´π1 ´π2
π5 π6 0 ´π3
ff»————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl`
«
S1ω3 ^ ω4 ` τ ^ ω2
S2ω3 ^ ω4 ´ τ ^ ω1
ff
,
where τ “ t3ω3 ` t4ω4 for some functions t3 and t4 . Thus after this absorption of torsions, we get
0-adapted coframing such that
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “ ´
»
————–
π1 0 0 0
π2 π3 0 0
π4 π5 ´π1 ´π2
π5 π6 0 ´π3
fi
ffiffiffiffifl
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl`
»
————–
ω2 ^ pa3ω3 ` a4ω4q
a0ω3 ^ ω4
S1ω3 ^ ω4 ` τ ^ ω2
S2ω3 ^ ω4 ´ τ ^ ω1
fi
ffiffiffiffifl . (40)
Since Ω is a symplectic form, dΩ “ 0. By (40) and dΩ “ 0, we get S2 “ ´a4, S1 “ 0, t3 “ 0, t4 “ 0.
Now (40) is transformed into
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “ ´
»
————–
π1 0 0 0
π2 π3 0 0
π4 π5 ´π1 ´π2
π5 π6 0 ´π3
fi
ffiffiffiffifl
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl`
»
————–
ω2 ^ pa3ω3 ` a4ω4q
a0ω3 ^ ω4
0
´a4ω3 ^ ω4
fi
ffiffiffiffifl . (41)
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Now we calculate the reduction of the group using the equivalence method. Calculate d2ω1 “ 0 by
(41)
da4 ` a3π2 ` a4π1 ” 0 mod ω1, ω2, ω3, ω4 ,
da3 ` a3p2π1 ´ π3q ” 0 mod ω1, ω2, ω3, ω4 . (42)
Since at least one of a3 and a4 is nonzero, there are two cases: a3 ‰ 0 or a3 “ 0.
3.1 case a3 ‰ 0
We can scale a3 “ 1 and translate a4 “ 0. Then from (42)
π2 ” 0 mod ω1, ω2, ω3, ω4 ,
2π1 ´ π3 ” 0 mod ω1, ω2, ω3, ω4 (43)
This means π2, 2π1 ´ π3 are basic.
Calculating d2ω2 “ 0 from (41) yields
da0 ` a0pπ1 ` 2π3q ” 0 mod ω1, ω2, ω3, ω4 .
Since a0 ‰ 0, we can scale a0 “ 1. Then
π1 ` 2π3 ” 0 mod ω1, ω2, ω3, ω4 . (44)
Thus from (43) and (44), we have
π1 ” π2 ” π3 ” 0 mod ω1, ω2, ω3, ω4 .
Define πi “
ř4
j“1 aijωj, where i “ 1, 2, 3. Calculate d2ω4 “ 0 from (41), then
da33 ` π6 ” 0 mod ω1, ω2, ω3, ω4 .
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We can translate a33 “ 0. Then
π6 ” 0 mod ω1, ω2, ω3, ω4 .
Calculate d2ω3 “ 0 from (41), then
dpa23 ´ a14q ` π5 ” 0 mod ω1, ω2, ω3, ω4 .
We can translate a23 ´ a14 “ 0. Then
π5 ” 0 mod ω1, ω2, ω3, ω4 .
Calculate d2ω1 “ 0 from (41), then
a34 “ a14
and
da12 ` π4 ” 0 mod ω1, ω2, ω3, ω4 .
We can translate a12 “ 0. Then
π4 ” 0 mod ω1, ω2, ω3, ω4 .
Thus
π4 ” π5 ” π6 ” 0 mod ω1, ω2, ω3, ω4 .
Now we get a canonical coframing and the G-structure is reduced to an e-structure. The structure
equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
0 a13 a14 1 0 0
a22 ´ a31 a14 a24 0 a14 1
a42 ´ a51 a11 ` a43 a44 ` a21 a53 a54 ` a22 0
a52 ´ a61 a53 a54 ` a31 a63 a64 ` a32 0
fi
ffiffiffiffifl
»
—————————–
ω1 ^ ω2
ω1 ^ ω3
ω1 ^ ω4
ω2 ^ ω3
ω2 ^ ω4
ω3 ^ ω4
fi
ffiffiffiffiffiffiffiffiffifl
, (45)
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where the nonzero terms of the right side of (45) represent intrinsic torsion of Lagrangian Engel
structures. The coefficients of torsion terms are functional invariants of Lagrangian Engel struc-
tures. We have finished the analysis of the structure equation for the case a3 ‰ 0.
3.2 case a3 “ 0
We can scale a4 “ 1. Thus
π1 ” 0 mod ω1, ω2, ω3, ω4 .
Calculate d2ω2 “ 0 from equation (41), then
da0 ` 2a0π3 ” 0 mod ω1, ω2, ω3, ω4 .
Since a0 ‰ 0, we can scale a0 “ 1. Then
π3 ” 0 mod ω1, ω2, ω3, ω4 .
Calculate d2ω4 “ 0 from (41), then
da33 ` π6 ” 0 mod ω1, ω2, ω3, ω4 .
We can translate a33 “ 0. Then
π6 ” 0 mod ω1, ω2, ω3, ω4 .
Also from d2ω4 “ 0,
dpa32 ` a64q ` 2π5 ` a63π2 ” 0 mod ω1, ω2, ω3, ω4 .
We can translate a32 ` a64 “ 0. Then
2π5 ` a63π2 ” 0 mod ω1, ω2, ω3, ω4 .
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Calculate d2ω2 “ 0 from (41), then
da34 ´ π5 ` π2 ” 0 mod ω1, ω2, ω3, ω4 .
There are 2 cases: a63 ‰ ´2 or a63 ” ´2.
1. case 1. a63 ‰ ´2 We can translate a34 “ 0. Then
π5 ” π2 ” 0 mod ω1, ω2, ω3, ω4 .
2. case 2. a63 “ ´2
From d2ω1 “ 0,
da14 ` pa13 ´ 1qπ2 ” 0 mod ω1, ω2, ω3, ω4
and
da12 ` p´a13 ` 1qπ5 ” 0 mod ω1, ω2, ω3, ω4 .
In summary, as long as a13 ‰ 1 or a63 ‰ ´2,
π5 ” π2 ” 0 mod ω1, ω2, ω3, ω4 .
3.2.1 a13 ‰ 1 or a63 ‰ ´2
From d2ω2 “ 0,
da24 ´ π4 ” 0 mod ω1, ω2, ω3, ω4 .
We can translate a24 “ 0. Then
π4 ” 0 mod ω1, ω2, ω3, ω4 .
So
π1 ” π2 ” π3 ” π4 ” π5 ” π6 ” 0 mod ω1, ω2, ω3, ω4 .
Now we get an e-structure and a canonical coframing. In this case there are 2 different families of
structure equations.
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3.2.2 a13 “ 1 and a63 “ ´2
In this case, we know that
π1 ” π3 ” π6 ” π2 ´ π5 ” 0 mod ω1, ω2, ω3, ω4 .
From d2ω1 “ 0,
da12 ” 0 mod ω1, ω2, ω3, ω4
and
da14 ” 0 mod ω1, ω2, ω3, ω4 .
I do not intend to finish the calculation of all invariants of Lagrangian Engel structures of this
case. Since the goal is to classify compact quotients that support homogeneous Lagrangian Engel
structures, I will prove that no compact quotients can support a homogeneous Lagrangian Engel
structure of this case.
From the structure equation,
dpω1 ^ ω2 ^ ω4q “ ´2 ω1 ^ ω2 ^ ω3 ^ ω4 .
By Stokes’s Theorem, there is no compact quotient that supports a homogeneous Lagrangian Engel
structure when a13 “ 1 and a63 “ ´2. In the following classification of compact homogeneous
Lagrangian Engel structures, we will not consider this case any more.
Now we will classify homogeneous Lagrangian Engel structures. Assume all the coefficients in the
structure equations are constants. By taking exterior derivative of the structure equation and
setting all coefficients to zero, we can get quadratic equations of the constants. Via MAPLE, we
can solve all the equations. The structure equations of homogeneous Lagrangian Engel structures
are listed in the statement of the theorem.
For the case that a13 “ 1 and a63 “ ´2, it remains to determine whether there exist homogeneous
Lagrangian Engel structures.
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4 Classification of Compact Homogeneous Lagrangian Engel
Structures
Theorem 4.1 (Classification of Compact Homogeneous Lagrangian Engel Structures). There is
only a 1-parameter family of compact homogeneous Lagrangian Engel structures. There exists a
canonical coframing pω1, ω2, ω3, ω4q such that
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3
ω3 ^ ω4
0
bω2 ^ ω3
fi
ffiffiffiffifl
where b P R is a constant.
Proof. We will prove this theorem by analyzing each homogeneous case in Theorem 3.1 and deter-
mining whether there exists a compact quotient that can support the corresponding homogeneous
Lagrangian Engel structure of one particular case.
4.1 Analysis of Case 1
The structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` aω1 ^ ω3
ω3 ^ ω4
0
bω2 ^ ω3
fi
ffiffiffiffifl (46)
where a and b are constants. From the structure equation (46),
dpω1 ^ ω2 ^ ω4q “ ´a ω1 ^ ω2 ^ ω3 ^ ω4 .
Thus if a ‰ 0, there is no compact quotient that can support a homogeneous Lagrangian Engel
structure of case 1.
In the following, we only consider a “ 0. Since dω3 “ 0 and dpω4 ´ bω1q “ 0, there exist functions
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x and y such that
ω3 “ dy,
ω4 ´ bω1 “ dx.
Define ω˜2 “ ω2 ` xdy. Then
d
«
ω1
ω˜2
ff
“
«
ω˜2 ^ dy
b dy ^ ω1
ff
. (47)
Proposition 4.2. If a “ 0, there exists a compact quotient that supports a homogeneous Lagrangian
Engel structure of Case1 for any b.
We prove this proposition by considering different values for b.
4.1.1 b “ 0
d
«
ω1
ω2
ff
“
«
ω2 ^ dy
dy ^ dx
ff
.
Thus there exist functions u and v such that
ω1 “ udy ` dv ,
ω2 “ ´xdy ` du .
Since
ω1 ^ ω2 ^ ω3 ^ ω4 “ dv ^ du ^ dy ^ dx ,
so x, y, u, v can be a local coordinate system for the homogeneous manifold.
Let
ω “
»
————–
0 ω3 ´ω2 2ω1
0 0 ω4 ω2
0 0 0 ω3
0 0 0 0
fi
ffiffiffiffifl (48)
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be a matrix-valued 1-form. Then from (46), we have
dω “ ´ω ^ ω (49)
Thus ω is a left-invariant form of a Lie group G. The connected and simply-connected Lie group
corresponding to the left-invariant form in (49) is isomorphic to
G “
$’’’’&
’’’’%
»
————–
1 f fe´ c d
0 1 2e fe` c
0 0 1 f
0 0 0 1
fi
ffiffiffiffifl
ˇˇˇ
ˇˇˇ
ˇˇˇ
ˇ
where f, e, c, d P R
,////.
////-
(50)
Note G is a nilpotent Lie group. In [10], there is a theorem:
Theorem 4.3. A simply-connected nilpotent Lie group G admits a lattice if and only if there exists
a basis pX1, X2, ¨ ¨ ¨ , Xnq of the Lie algebra g of G such that the structure constants Ckij arising in
the brackets
rXi, Xjs “
ÿ
k
CkijXk (51)
are rational numbers.
By the structure (49) and Theorem 4.3, there exists a co-compact lattice for the group G, and thus
there exists a compact quotient that can support a homogeneous Lagrangian Engel structure. We
will find an explicit co-compact lattice in this case. Take a discrete subgroup of Lie group G
Γ “
$’’’’&
’’’’%
»
————–
1 f fe´ c d
0 1 2e fe` c
0 0 1 f
0 0 0 1
fi
ffiffiffiffifl
ˇˇˇ
ˇˇˇ
ˇˇˇ
ˇ
where c, d, e, f P Z
,////.
////-
. (52)
It is easy to verify that Γ is a subgroup of G and that M “ G{Γ is compact. So if b “ 0, there
exists a compact quotient, that supports a homogeneous Lagrangian Engel structure.
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4.1.2 b ă 0
Set b “ ´β2, where β ą 0. Then by (47), we get
dpβω1 ` ω˜2q “ βpβω1 ` ω˜2q ^ dy
and
dp´βω1 ` ω˜2q “ ´βp´βω1 ` ω˜2q ^ dy .
So there exist functions u and v such that βω1 ` ω˜2 “ e´βydu and ´βω1 ` ω˜2 “ eβydv. Thus
ω˜2 “ e
´βydu` eβydv
2
and
ω1 “ e
´βydu´ eβydv
2β
.
Now we take a new coframing. After scaling ω4 Ñ βω4, ω3 Ñ 1βω3 and ω1 Ñ 1βω1, then the
structure equation is transformed to
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3
ω3 ^ ω4
0
´ω2 ^ ω3
fi
ffiffiffiffifl . (53)
Define ω0 “ ω1 ` ω4, ω˜2 “ ω2 ` ω4 and ω˜4 “ ω2 ´ ω4. Then pω0, ω˜2, ω3, ω˜4q is a new coframing. In
this new coframing, after dropping tildes, the structure equation is
d
»
————–
ω0
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
0
ω3 ^ ω2
0
´ω3 ^ ω4
fi
ffiffiffiffifl . (54)
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Let
ω “
»
————–
ω0 0 0 0
0 ´ω3 0 ω2
0 0 ω3 ω4
0 0 0 0
fi
ffiffiffiffifl . (55)
be a matrix-valued 1-form. Then from (54)
dω “ ´ω ^ ω. (56)
Thus ω is a Maurer-Cartan form of a Lie group G. The connected and simply-connected Lie group
corresponding to the Maurer-Cartan form in (55) is isomorphic to
G “
$’’’&
’’’’%
»
————–
c 0 0 0
0 t´1 0 r
0 0 t s
0 0 0 1
fi
ffiffiffiffifl
ˇˇˇ
ˇˇˇ
ˇˇˇ
ˇ
where r, s P R and c ą 0 and t ą 0
,///.
////-
. (57)
Theorem 4.4. There exists a co-compact lattice of G.
Proof. Let pX1, X2, X3, X4q be the left-invariant vectors dual to the left-invariant 1-forms pω1, ω3,´ω2, ω0q,
respectively. Then the nontrivial brackets are
rX1, X3s “ X1 ,
rX2, X3s “ ´X2 .
By the classification results of [15], there exists a co-compact lattice.
We will give an explicit way to construct a lattice. Consider a subgroup H Ă G, where
H “
$’’&
’%
»
——–
t´1 0 r
0 t s
0 0 1
fi
ffiffifl
ˇˇˇ
ˇˇˇ
ˇˇ where r, s P R and t ą 0
,//.
/- (58)
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and the inclusion map of H to G is
»
——–
t´1 0 r
0 t s
0 0 1
fi
ffiffifl ÝÑ
»
————–
1 0 0 0
0 t´1 0 r
0 0 t s
0 0 0 1
fi
ffiffiffiffifl . (59)
Then G – RˆH as a group. Let N Ă H be the subgroup
N “
$’’&
’’%
»
——–
1 0 r
0 1 s
0 0 1
fi
ffiffifl
ˇˇˇ
ˇˇˇ
ˇˇ where r, s P R
,//.
//- . (60)
Lemma 4.5. N is a normal subgroup of H.
Proof. Let h “
»
——–
t´1 0 x
0 t y
0 0 1
fi
ffiffifl and n “
»
——–
1 0 r
0 1 s
0 0 1
fi
ffiffifl be any elements of H and N , respectively.
Then
h´1nh “
»
——–
1 0 t ¨ r
0 1 t´1 ¨ s
0 0 1
fi
ffiffifl P N. (61)
Hence, N is a normal subgroup of H .
Thus
H{N –
#«
t´1 0
0 t
ffˇˇˇ
ˇˇ where t ą 0
+
is a quotient group. Let L1 “ x~v1, ~v2y Ă R2 be a lattice of the normal subgroupN , to be determined
later. We need to find a lattice L2 of H{N such that the lattice of the group H is
L “
#«
γ ~v
0 1
ffˇˇˇ
ˇˇ where γ P L2, ~v P L1
+
.
From the multiplication rule of the group H , this is equivalent to γ~v P L1 for any γ P L2 and any
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~v “
«
v1
v2
ff
P L1. Hence we need to find a1, a2, a3, a4 P Z and c ą 0 and c ‰ 1 such that
γc~v1 “ a1~v1 ` a2~v2 ,
γc~v2 “ a3~v1 ` a4~v2 , (62)
where γc is the linear transform with transformation matrix
«
c´1 0
0 c
ff
. Since xγc~v1, γc~v2y form
a new basis for the lattice L1, then
«
a1 a2
a3 a4
ff
P SL2pZq.
Thus (62) is equivalent to
«
c´1 0
0 c
ff
“ p~v1, ~v2q
«
a1 a3
a2 a4
ff
p~v1, ~v2q´1 (63)
So we can choose any matrix S “
«
A B
C D
ff
P SL2pZq such that pA ` Dq2 ´ 4 ą 0, then we
have two real eigenvalues λ1 ą λ2 ą 0. We can set c “ λ1. If p~v, ~wq are eigenvectors of S with
eigenvalues pλ1, λ2q, then we can set p~v1, ~v2q9p~v, ~wq´1.
Example 4.1. Take S “
«
2 1
1 1
ff
P SL2pZq, then c “ 3`
?
5
2
. We can take ~v “
«
1
´1´?5
2
ff
and
~w “
«
1
´1`?5
2
ff
. Thus
p~v1, ~v2q9p~v, ~wq´1 “ 1?
5
«
´1`?5
2
´1
1`?5
2
1
ff
.
Then the lattice of the Lie group H can be
L “
$’’’&
’’’%
»
———–
´
3`?5
2
¯´m0
0 m1
´
´1`?5
2
¯
´m2
0
´
3`?5
2
¯m0
m1
´
1`?5
2
¯
`m2
0 0 1
fi
ffiffiffifl
ˇˇˇ
ˇˇˇ
ˇˇˇ where m0,m1,m2 P Z
,///.
///-
. (64)
Thus for b ă 0, there exists a lattice Γ such that G{Γ – S1 ˆH{L is compact.
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Remark 4.1. In our analysis of the existence of a lattice for H, we know that the different lattices
correspond to
1. scaling or change of basis for eigenvectors of a matrix in SL2pZq
2. different matrices in SL2pZq such that the absolute value of trace is greater than 2
4.1.3 b ą 0
Set b “ β2, where β ą 0. Then by (47), there exist functions u and v such that
iβω1 ` ω˜2 “ e´iβydpu` ivq
Take the real and imaginary part of the 1-form, we can get
ω1 “ 1
β
pcosβy dv ´ sinβy duq
and
ω˜2 “ cosβy du` sinβy dv .
Theorem 4.6. There exists a co-compact lattice.
Proof. Let pe1, e2, e3, e4q be the left-invariant vectors dual to the left-invariant 1-forms pβω1, ω2, βω3, 1βω4q,
respectively. Then the nontrivial brackets are
re2, e3s “ e1 ` e4 ,
re3, e4s “ e2 .
Define X1 “ e1 ` e4, X2 “ e2, X3 “ e3, X4 “ e1, then the nontrivivial brackets are
rX1, X3s “ ´X2 ,
rX2, X3s “ X1 .
By the classification results of [15], there exists a co-compact lattice.
So if b ą 0, we get a compact quotient that supports a homogeneous Lagrangian Engel structure.
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In summary, in case 1 we can get a compact quotient if and only if a “ 0.
4.2 Analysis of Case 2
The structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` aω1 ^ ω3 ` bω1 ^ ω4
bω1 ^ ω3 ` ω3 ^ ω4 ` bω2 ^ ω4
0
0
fi
ffiffiffiffifl ,
where a and b are constants. We can assume b ‰ 0, otherwise, this is a special case of case 1.
From the structure equation,
dpω1 ^ ω2 ^ ω3q “ 2b ω1 ^ ω2 ^ ω3 ^ ω4.
Since b ‰ 0, there does not exist a compact quotient that supports a homogeneous Lagrangian
Engel structure in case 2.
4.3 Analysis of Case 3
The structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` aω1 ^ ω3 ´ 14a2ω1 ^ ω4
´ 1
4
a2ω1 ^ ω3 ` ω3 ^ ω4 ´ 14a2ω2 ^ ω4
1
2
a2bpω1 ^ ω3 ´ ω2 ^ ω4q ` abω2 ^ ω3 ´ 14a3bω1 ^ ω4
abpω1 ^ ω3 ´ ω2 ^ ω4q ` 2bω2 ^ ω3 ´ 12a2bω1 ^ ω4
fi
ffiffiffiffifl ,
where a and b are constants. Since
dpω1 ^ ω2 ^ ω3q “ ´a
2
2
ω1 ^ ω2 ^ ω3 ^ ω4,
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there does not exist a compact quotient that supports a homogeneous Lagrangian Engel structure
of case 3 if a ‰ 0. In the following, we assume a “ 0 and the structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3
ω3 ^ ω4
0
2bω2 ^ ω3
fi
ffiffiffiffifl .
This is a special case of case 1 with a “ 0. There exists a compact quotient for any b.
4.4 Analysis of Case 4
The structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω2 ^ ω3 ` bω1 ^ ω3 ` aω1 ^ ω4
pa2 ` ab2
4
qω1 ^ ω2 ` aω1 ^ ω3 ` ω3 ^ ω4 ` aω2ω4
p2a3 ` 1
2
a2b2qω12 ` ab22 ω13 ` bω23 ` a2bω14 ` 2a2ω24
abp´a´ 1
4
qω12 ` abω13 ` pa´ 14 qω23 ` pa2 ´ ab
2
4
qω14 ´ abω24
fi
ffiffiffiffifl ,
where a and b are constants.
By the structure equation
dpω1 ^ ω2 ^ ω3q “ 2aω1 ^ ω2 ^ ω3 ^ ω4 ,
dpω1 ^ ω2 ^ ω4q “ ´b ω1 ^ ω2 ^ ω3 ^ ω4
If a ‰ 0 or b ‰ 0, there does not exist a compact quotient that supports a homogeneous Lagrangian
Engel structure in case 4. If a “ 0 and b “ 0, this is a special case of case 1 with compact quotients.
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4.5 Analysis of Case 5
The structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω1 ^ ω3 ` ω2 ^ ω4
aω1 ^ ω2 ` ω3 ^ ω4
apω1 ^ ω3 ` ω2 ^ ω4q
´aω1 ^ ω2 ´ ω3 ^ ω4
fi
ffiffiffiffifl ,
where a is a constant.
By the structure equation
dpω1 ^ ω2 ^ ω4q “ ´2ω1 ^ ω2 ^ ω3 ^ ω4.
Thus there does not exist a compact quotient that supports a homogeneous Lagrangian Engel
structure in case 5.
4.6 Analysis of Case 6
The structure equation is
d
»
————–
ω1
ω2
ω3
ω4
fi
ffiffiffiffifl “
»
————–
ω1 ^ ω3 ` ω2 ^ ω4
ω3 ^ ω4
0
aω2 ^ ω3 ´ ω3 ^ ω4
fi
ffiffiffiffifl ,
where a is a constant.
By the structure equation
dpω1 ^ ω2 ^ ω4q “ ´2ω1 ^ ω2 ^ ω3 ^ ω4.
Thus there does not exist a compact quotient that supports a homogeneous Lagrangian Engel
structure in case 6.
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